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What is aQ I : MMEATTIROID ?
-
and why do we care ?
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definition 1 . 1 A MATROLD -s a pair M= (EIB) for E a finite "ground set" and BE DE

such that:
"bases"

(BI) B + &
(B2) For BrBzEB ,

BitB2 ,
and XtBi-B2 , FYEBz-Bi

then (B ,-EX3)USYLCB (Basis-Exchange Property)

Fact 1 . 1 All Bel have the same cardinality

definition 1 . 2 We call IfE INDEPENDENT If FBEB such thatI= B.

definition 1 . 3 The RANK rK(M) of a matroid M = LEB) is given by IBI for

BER .

For any X =E , rK(X) := max III
-

IX

I independent
..



GRAPHIC MATROID
-> E = Sedges of G2

·
-

B = [spanning trees of 47

LINEAR MATROLD

A= (a , (a) .. (a)=
E = (1 , 2, ..., my = (n]

B =(IE(n) : Sailiet linearly independentover IF)
= Mat

,
(m,n) for some IF

↳ REGULAR MATROIDS are linear and realizable overy field IF.

ALGEBRAIC MATROLD
Field Extension => E = Se, . . .,en]L
L/k B = (ICE : SeibitI algebraically independent overK

IrreducibleVariety E =(1, 2, ..., n)

V = kn B = (SEE:(v) = k1)

GRAPHIC REGULARE LINEAR- ALGEBRAIC



-example
-

edges

· M(W3) = (31 ,
2

, 3
,
4 ,
5

, 63,

4 I 5 & 5112 .33
,
6112,43 ,

4112 ,63 ,
31 , 3 ,53 ,bliss , 32,3 .43 ,

S

5 2 , 3 ,53 ,
5114 ,53 , 52 ,5163 , 33 , 4 , 63

, 52,4153 , 32 ,4164 /
32

& O
& 3 1 , 4 , 63 ,

4115163 , 33 ,4153 ,
33 ,5103])

W3 ↳ spanning trees

Dividencemata



other important features

definition 1 . 4 An element XtE is a LOOP if X/B XBED /ex : JIR3)

definition 1 .
5 An element XeE is a COLOOP If xEB YBET

definition 1 .
6 A CIRCUIT is a minimally dependent set CEE . We

denote the collection ofarcuts of amatroid [(M)

definition 1 .7 Two elements X ,YEE are PARALLEL if <Xt ·(CM)·



-example
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definition 1 . 10 Two matroids MF(E,B .) and Mc = (En
,Br) are

ISOMORPHIC if there exists a bijection Y : E I-Er

such that BoB ,=P Y(B) +B,



What is theQI1 :MATERDID COBYPLEX ?
-
and why do we care ?



recall

definition 2 . I A CHAIN COMPLEX (of vector spaces) consists of
a family of F-rector spaces (Uninex and a family of
If-linear maps J = In : Un-Vm such that Inidu=O im In Ker2u .

IV ., 20) : ... -UmVmZVmF ...

When im 2n= Ker2n , we say (V ..
2

.) is EXACT in degree n.

definition 2 . 2 The NTHOMOLOGY Hul)= Ker2u/imJuny

measures the "non-exactness" in degree n+ 1.



somehistory
N

- 1990s : KontsevichIntroduces the GRAPH COMPLEX (K ..
2

.)

for Kn := Q IN , W !
↑ connected admissible graphy / (N ,W) = sgn(ot . (N n)

2 wedgeorientation O : NEC ↑1

G : edge contraction

---
-> Kn- Kate ...EKK** K

,

- This is the "odd" version (related to invariantsofeven-dimensional! - GrothendieckTeichmiller Lie Algebra (DGLA) manifolds)



-morehistory
N

- 1990s : Kontsevich Introduces the GRAPH COMPLEX (K ..
C

. )
.

3 -

- 201 : Willwacher shows (WarO ::::
in graph homology iswe We

- 2020 : Chan ,
Galatius

,Payne establish!
T

GrH49-3-(MgigQ(
valgebraic

->
tropical- graphy

curves curves



Guiding Questions
Q : Can matroid homology detect the

graphic matroids associated to odd wheels ?

Q :

Analogous correspondence in matroid

↳ setting ?
top weight cohomology of Ag ?



Let (M
,
i) be the data of

· Ma matroid onn ground set elements ;

· It a total ordering of the ground set up to
even permutation ,

i

.e.T = e , 1221 ... 1ene(↑ )
*

The(rational) MATROID COMPLEX is givenby [CnYnewhere

Ma matroid

Cn = Q M ,/ (M ,i) = sgn(o) . (Mir)
for O: M& M



It follows that Cn admits the Q-basis

IsomorpI classeshismEMMT &M = (E,) a matroid

Why "odd automorphisms" ?
If M admits an odd automorphism ,

then

(MiTT) = -(M,) =D (M) = 0 = Cn



What are thedifferential
mape ???

· --- UmoCnZCm Ze . - -



A

-example
: 4
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,
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5
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4 5
-

· S ED & 5112 .33
,

21.2,3 ,
4112 , 63 ,

31 , 3 ,53 ,bliss , 321 3 . 43 ,
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&
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4115163 , 33 , 4153 ,

33 ,5103])
W3Y1
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32 ~D & Exis ,
2/2 :3 ,

X 2 . 63 ,
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, 52, 4153 , 32, 4164 /

· 6 & 214 , 63 ,
2x15163 , 33 , 4153 ,

33 ,5103])
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~differential maps

Let M =(E ,B).

definition 2 .3 (Deletion) For SEE , the DELETION is the matroid

given by M/S := (EXS ,BIS) whereBIS = /BABIBS = 0) =BuRE

definition 2.4 (Duality) The DUAL matroid is given by M*= CE , i)
where i

*
= [E-BIBER?.

difintion 2.

5 (Contraction) For SEE , the CONTRACTION is the matroid

given by M/S := (M*(S)*



We define thedeletiondifferential

&: Cn-2n
. (MJr"(Me

- 2 =0
- ex must be noncoloop by (BI)
- rank preserving

and obtain the matroid complex

(C .,2) : -- -->CmECrEn ..

And the rank-r subcomplex :

(C , (a) : ---- ...



For each n :C AND (C
.rta) (a)

By matroid duality :

· --- > C 2 ... [rCr200
*I + 0 + = 1

·----Chor+2

An isomorphism of chain complexes



What haveQIII : we shown ?



Poposition1: Let M be a simple ,
rank 2 matroid on

n ground set elements . Then M = Uzin.

PE: Each pair (X 1Y7EE is independent, else [X+3 +((M)
,

or X or y is a loop
is

Them2 : Cr/@
Cr+20 Fr > O . (By Proposition 1)



computations

A description via Macaulay2's Mods package :

... - Co - C-C ... Co

21 Ill 211 211 21

·- >QQQQQ" Q207 ... Go

AND.A Hn(C :) =018

Fig1 : C2 for Oren = 9



results

↳
I

Theorem3 : (War) = 0 = Hyr-z(C .) 1
T

I
E

1
- ...

-

P(WrS3]r/War] HO. W3 Wa
a -

Wa
↓

Trem4 : (Acyclicity) Hn(C . ) =0 An

Pf: (Strategy) Apply "loop-adjoining" technique from Thm6 .

↳ dual to inflation on cones D

#MORAL) The whole matroid complex C . is "too large" ,

need to restrict to a "nice" subcomplex.

A good candidate is R., the subcomplex of regular matroids
.



N -morehistory

I- 1990s : Kontsevich Introduces the GRAPH COMPLEX (K ..
2

. ).

3

-

- 2015 : Willwacher shows (Warri+O T

..

...
in graph homology · is .....

wiWa

- 2020 : Chan ,
Galatius

,Payne establish

GrH49-3-(MgigQ
- 2022 : Brandt, Bruce,

Chan
,Melo ,

Moreland ,
Wolfe establish

V GH2(g)= i- (LAQ)EHi-1)p) whereRep

Labelian
- Topicalalternatingitvarieties 2



Q IV : What would we
still like to show ?



① : Can we computehomology of the subcomplex R . generated by
regular matroids ?

Currently working onthis inOscar !

Fig 2 : Rn for OrenE9

① : And understand how much larger D. is
compared to R2

When g
= 2

,
3

, R = D19)

① : Can we equip C .
with a compatible gradedLie bracket

L-1] : CitCj +Cirj to promote C . to adifferential

graded lie algebra?
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